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The realization that all relevant physical relativistic systems are described at the classical level by singular Lagrangians and Dirac-Bergmann Hamiltonian theory of constraints [1, 2] , stimulated a research program trying to find a unification of the mathematical description of the four (electroweak, strong and gravitational) interactions and, after a canonical reduction, their reformulation only in terms of Dirac's observables without any kind of gauge degrees of freedom. See the review papers [3] for the formulation and the evolution of the program. See Refs. [4] for the differential geometric setting behind constraint theory (in particular the theory of presymplectic manifolds in the case of first class constraints [4, 5] ) and Refs. [6] for the reformulation of the theory of singular Lagrangians and of constraints in terms of the second Noether theorem. The adopted definition of Dirac's observables is based on the Shanmugadhasan canonical tralsformation [7] in the eleboration of Refs. [8, 9, 3] (see also Refs. [10] ) based on the transformation of the Hamilton-Dirac equations in the so-called multitemporal equations [3] (see Ref. [11] for previous attempts to define multiparametric equations describing the gauge transformations generated by first class constraints).
For systems with only first class constraints, like those describing the four interactions, one looks for new canonical bases in which all first class constraints are replaced by a subset of the new momenta (Abelianization of the constraints); then the conjugate canonical variables are Abelianized gauge variables and the remaining canonical pairs are special Dirac observables in strong involution with both Abelian constraints and gauge variables. These Dirac observables, together with the Abelian gauge variables, form a local Darboux system of coordinates for the presymplectic manifoldγ defined by the original first class constraints (this manifold is coisotropically embedded [5] in the original phase space, if suitable mathematical conditions are satisfied). In the multi-temporal method each first class constraint is raised to the status of a Hamiltonian with a scalar parameter describing the associated evolution (the genuine time describes the evolution generated by the canonical Hamiltonian, after extraction from it of the secondary and higher order first class constraints): in the Abelianized form of the constraints these "times" coincide with the Abelian gauge variables on the solutions of the Hamilton equations. These coupled Hamilton equations are the multi-temporal equations: their solution describes the dependence of the original canonical variables on the time and on the parameters of the infinitesimal gauge transformations, generated by the first class constraints. Given an initial point on the constraint manifold, the gen-eral solution describes the gauge orbit, spanned by the gauge variables, through that point; instead the time evolution generated by the canonical Hamiltonian (a first class quantity) maps one gauge orbit into another one. For each system the main problems are whether the constraint set is a manifold (a stratified manifold, a manifold with singularities...), whether the gauge orbits can be built in the large starting from infinitesimal gauge transformations and whether the foliation of the constraint manifold (of each stratum of it) is either regular or singular. Once these problems are understood, one can check whether the reduced phase space (Hamiltonian orbit space) is well defined.
Since for all isolated systems defined on Minkowski spacetime there is the Poincaré kinematical symmetry group globally canonically implemented [12] [for field theories the boundary conditions on the fields must be such that the ten Poincaré generators are finite], the presymplectic manifoldγ is a stratified manifold with the main stratum (dense inγ) containing all configurations belonging to timelike Poincaré realizations with spin [P 2 > 0,
S is the rest-frame Thomas spin]. Then there will be strata with i) P 2 > 0, W 2 = 0, and ii) P 2 = 0; iii) P µ = 0, the infrared stratum; the spacelike stratum P 2 < 0 must be absent, otherwise there would be configurations of the system violating Einstein causality. Each stratum may have further stratifications and/or singularity structures according to the nature of the physical system. Therefore, the canonical bases best adapted to each physical system will be the subset of Shanmugadhasan bases which, for each Poincaré stratum, is also adapted to the geometry of the corresponding Poincaré orbits with their little groups. These special bases could be named Poincaré-Shanmugadhasan (PS) bases for the given Poincaré stratum of the presymplectic manifold; till now only the main stratum P 2 > 0, W 2 = 0, has been investigated. Usually PS bases are defined only locally and one needs an atlas of these charts to cover the given Poincaré stratum ofγ; for instance this always happens with compact phase spaces. When the main stratum of a noncompact physical system admits a set of global PS bases (i.e. atlases with only one chart), we get a global symplectic decoupling (a strong form of Hamiltonian reduction) of the gauge degrees of freedom from the physical Dirac observables without introducing gauge-fixing constraints; this means that the global PS bases give coordinatizations of the reduced phase space (the space of Hamiltonian gauge orbits or symplectic moduli space).
The program of symplectic decoupling was initiated by Dirac himself [13] , who found the Dirac observables of the system composed by the electromagnetic field and by a fermionic (Grassmannvalued) field (whose Dirac observables are fermion fields dressed with a Coulomb cloud). Subsequently global Dirac observables (i.e. PS bases) were found for the following systems: a) Relativistic two-body systems with actionat-a-distance interactions [14] .
b) The Nambu string [15] . c) Yang-Mills theory with Grassmann-valued fermion fields [16] in the case of a trivial principal bundle over a fixed-x o R 3 slice of Minkowski spacetime with suitable Hamiltonian-oriented boundary conditions. After a discussion of the Hamiltonian formulation of Yang-Mills theory, of its group of gauge transformations and of the Gribov ambiguity, the theory has been studied in suitable weigthed Sobolev spaces where the Gribov ambiguity is absent. The physical Hamiltonian has been obtained: it is nonlocal but without any kind of singularities, it has the correct Abelian limit if the structure constants are turned off, and it contains the explicit realization of the abstract Mitter-Viallet metric.
d) The Abelian and non-Abelian SU(2) Higgs models with fermion fields [17] , where the symplectic decoupling is a refinement of the concept of unitary gauge. There is an ambiguity in the solutions of the Gauss law constraints, which reflects the existence of disjoint sectors of solutions of the Euler-Lagrange equations of Higgs models. The physical Hamiltonian and Lagrangian of the Higgs phase have been found; the self-energy turns out to be local and contains a local fourfermion interaction.
e) The standard SU (3)xSU (2)xU (1) model of elementary particles [18] . The final reduced Hamiltonian contains nonlocal self-energies for the electromagnetic and color interactions, but "local ones" for the weak interactions implying the nonperturbative emergence of 4-fermions interactions. To obtain a nonlocal self-energy with a Yukawa kernel for the massive Z and W ± bosons one has to reformulate the model on spacelike hypersurfaces and make a modification of the Lagrangian.
Moreover, also nonrelativistic Newton mechanics has been reformulated as a many-times theory with first class constraints [19] . With a suitable contraction on the ADM Lagrangian for general relativity, a singular Lagrangian for Newtonian gravity with general Galilei covariance has been found [20] : there are 27 fields and many first and second class constraints at the Hamiltonian level connected with the inertial forces and the Newton gravitational potential.
However, all the Hamiltonian reductions of relativistic gauge field theories suffer of the problem of Lorentz covariance: one cannot make a complete Hamiltonian reduction for systems defined in Minkowski spacetime without a breaking of manifest Lorentz covariance. A universal solution of this problem has been found by reformulating [16, 21, 22] every relativistic system on a family of spacelike hypersurfaces foliating Minkowski spacetime [1] . In Ref. [21] there is a consistent formultation of the system of N scalar charged particles (with the charges described in a pseudoclassical way with Grassmann variables [23] ) and of the electromagnetic field on spacelike hypersurfaces, with the Coulomb potential extracted from field theory by means of the canonical reduction to Dirac's observables (for both the field and the particles, which are dressed with a Coulomb cloud) and with the pseudoclassical self-energies regularized by the Grassmann charges. On spacelike hypersurfaces, one has a covariant 1-time description of scalar particles, in which each particle is described by 3 coordinates on the hypersurface. This implies that the mass-shell constraint for each particle has been solved and that one has done a choice of the sign of the energy of each particle. This solves the covariance problem present in the standard manifestly covariant Lagrangian description of charged particles plus the electromagnetic field: at the Hamiltonian level one does not know how to eveluate the Poisson bracket of the particle mass-shell primary constraints with the electromagnetic primary constraints, because there is no notion of equal time among them. The extension of this approach to colored particles (with the color described by Grassmann variables) and with YangMills theory reformulated on spacelike hypersurfaces is beginning to produce the pseudoclassical basis of the relativistic quark model [24] : between two color charge densities (either a particle with color charge or field charge density) three kinds of interactions act [direct Coulomb interaction; direct Coulomb interaction between one density and a point (over whose location it is integrated) and a Dirac-observable Wilson line interaction along the flar geodesic between the point and the other density; each density interacts with a point through a geodesic Wilson line and there is a Coulomb interaction between the two points (over whose locations it is integrated)] and there already is an indication of the presence of asymptotic freedom in the quark-antiquark sector under the hypothesis of color singlets (zero quarkantiquark total color charge plus no flux at infinity of total Yang-Mills non-Abelian color charge).
Therefore, at this stage one knows the description on spacelike hypersurfaces of scalar particles and of bosonic fields (see Ref. [25] for the general theory). What is still to be done is the reformulation of Grassmann-valued Dirac fields on spacelike hypersurfaces, which is connected with the treatment of tetrad gravity and the description of spinning particles.
In this way one obtains the minimal breaking of Lorentz covariance: after the restriction from arbitrary spacelike hypersurfaces to spacelike hyperplanes, one selects all the configurations belonging to the main Poincaré stratum and then restricts oneself to the special family of hyperplanes orthogonal to the total momentum of the given configuration (this family may be called the Wigner foliation of Minkowski spacetime intrinsically defined by the given system). In this way only three physical degrees of freedom, describing the canonical center-of-mass 3-position of the overall isolated system, break Lorentz covariance, while all the field variables are either Lorentz scalars or Wigner spin-1 3-vectors transforming under Wigner rotations. This method is based on canonical realizations of the Poincaré group on spaces of functions on phase spaces [12] and one obtains the "covariant 1-time rest-frame instant form" of the dynamics and also the covariant 1-time relativistic statistical mechanics [21] .
Therefore one has to study the problem of the center of mass of extended relativistic systems in irreducible representations of the Poincaré group with P 2 > 0,
it can be shown that this problem leads to the identification of a finite world-tube of non-covariance of the canonical center-of-mass, whose radius
identifies a classical intrinsic unit of length, which can be used as a ultraviolet cutoff at the quantum level in the spirit of Dirac and Yukawa. As mentioned in the papers [16, 21] , the distances corresponding to the interior of the world-tube are connected with problems coming from both quantum theory and general relativity: 1) pair production happens when trying to localize particles at these distances; 2) relativistic bodies with a material radius less than ρ cannot have the classical energy density definite positive everywhere in every reference frame and the peripheral rotation velocity may be higher than the velocity of light. Therefore, the world-tube also is the flat remnant of the energy conditions of general relativity. A problem under investigation is the definition of the center of mass of classical fields, because this is the classical background of Tomonaga-Schwinger formulation of the relativistic Cauchy problem for quantum field theory [27] .
The next step of the program is the search of Dirac's observables for classical tetrad gravity [28] [with asymptotically flat spacetimes so to have the asymptotic Poincaré charges [29] and the same ultraviolet cutoff ρ as for the other interactions], which replaces metric gravity when couplings to fermion fields have to be done, and its coupling to the standard particle model.
Since the previous approaches to tetrad gravity [30] were all using in some form Schwinger's time gauge condition, a new formulation was looked for.
As for Yang-Mills theory, one has to define the simplest family of spacetimes to have all possible differential geometry techniques available. In the case of tetrad gravity, one assumes that the spacetime M 4 is globally hyperbolic and asymptotically flat, i.e. M 4 = Σ × R, and that the noncompact globally parallelizable 3-surface Σ, on which the spacelike slices Σ τ are modeled, is topologically trivial and that the Riemannian 3-manifolds (Σ τ , 3 g) are geodesically complete, satisfying the Hopf-Rinow theorem (so that the geodesic exponential map is defined on all the tangent space T p Σ τ of at least one point p ∈ Σ τ ) and finally satisfying the Hadamard theorem [31] : in conclusion Σ is diffeomorphic to R 3 , the geodesic exponential map is a diffeomorphism from T Σ to Σ in each point, and there are no conjugate Jacobi points and no closed geodesics in Σ. In particular, the orthonormal frame principal SO(3)-bundle over Σ τ (whose connections are the spin connections determined by the triads) is trivial and the 3-manifold Σ τ admits smooth global charts.
Then, by using Σ τ -adapted coordinates, one has found a parametrization of arbitrary tetrads and cotetrads on M 4 in terms of special Σ τ -adapted tetrads and cotetrads and of 3 angles parametrizing point-dependent Wigner boosts for timelike Poincaré orbits. Then these variables are reexpressed in terms of lapse and shift functions, of cotriads on Σ τ and of the 3 boost angles. Putting these variables in the ADM action for metric gravity [32] (with the 3-metric on Σ τ expressed in terms of cotriads), one gets a new action depending only on lapse, shifts and cotriads, but not on the boost angles (therefore, there is no need of Schwinger's time gauge: the 3 primary constraints describing the Lorentz boost on T Σ τ are automatically Abelianized, being described by three vanishing momenta). There are 10 primary and 4 secondary first class constraints and a vanishing canonical Hamiltonian. Besides the 3 constraints associated with Lorentz boosts, there are 4 constraints saying that the momenta associated with lapse and shifts vanish, 3 constraints describing rotations, 3 constraints generating Σ τ space-diffeomorphisms (a linear com-bination of supermomentum constraints and of the rotation ones) and one superhamiltonian constraint. It turns out that with the technology developed for Yang-Mills theory, one can Abelianize the 3 rotation constraints and then also the space-diffeomorphism constraints. In the resulting quasi-Shanmugadhasan canonical basis, one is left in the physical sector with reduced cotriads depending only on 3 degrees of freedom (they are Dirac's observables with respect to 13 of the 14 first class constraints) and with their conjugate momenta still subject to the reduced form of the superhamiltonian constrain (which now has zero Poisson bracket with itself): this is the phase space over the superspace of 3-geometries [33] .
In the Abelianization of the rotation constraints one needs the Green function of the 3-dimensional covariant derivative containing the spin connection. It will be well defined only if there is no Gribov ambiguity and this will require the use of weighted Sobolev spaces like in Yang-Mills theory:now there is also the implication that isometries of the Riemannian 3-manifold (Σ τ , 3 g) must be absent [34] . The Green function is similar to the Yang-Mills one for a principal SO(3)-bundle [16] , but, instead of the Dirac distribution [13] for the Green function of the flat divergence, it contains the DeWitt function [35] (which reduces to the Dirac distribution only locally in normal coordinates). Moreover, the definition of the Green function now requires the geodesic exponential map. Not having a group theoretical control on the diffeomorphism group, the Abelianization of the space-diffeomorphism constraints is only a property of the algebra of the infinitesimal diffeomorphisms, without a real understanding of the global problems of finite diffeomorphisms. However the multitemporal equations generated by the space-diffeomorphisms can be written explicetly and a global solution can be found. The original cotriad can be expressed in closed form in terms of 3 rotation angles, 3 diffeomorphism-parameters and the reduced cotriad depending only on 3 independent variables.
Till now no coordinate condition [36] has been imposed. It turns out that these conditions are hidden in the choice of how to parametrize the reduced Dirac-observable cotriads in terms of three independent functions. The simplest parametrization (the only one studied till now) correspond to choose a system of 3-orthogonal coordinates on Σ τ , in which the 3-metric is diagonal. With a further canonical transformation on the reduced cotriads and conjugate momenta, one arrives at a canonical basis containing the conformal factor of the 3-geometry and its conjugate momentum plus two other pairs of conjugate canonical variables. The reduced superhamiltonian constraint, expressed in terms of these variables, turns out to be an integral equation for the momentum conjugate to the conformal factor (which, therefore, is a gauge variable) due to the signature of the DeWitt supermetric. This is a schematic description of the preliminary results obtained in pure tetrad gravity. A lot of work has still to be done: i) a comparison with the standard York reduction [37, 34, 38] based on conformal techniques, in which the superhamiltonian constraint becomes the elliptic Lichnerowicz equation for the conformal factor and in which one uses York's cosmic time [39] (the trace of the extrinsic curvature of Σ τ , usually assumed to be a maximal slice); ii) a better understanding of the integral equation; iii) a study of the Hamiltonian boundary conditions and of the surface terms needed to have well defined Poisson brackets and Hamilton equations [33] ; iv) a detailed study of the Hamiltonian asymptotic symmetries at spatial infinity [29] [see Refs. [40] for the covariant 4-dimensional spi approach to the problem] and of the boost problem [41] , to arrive at a definition of the asymptotic Poincaré charges (without supertranslation ambiguities), of the intrinsic spin and of the asymptotic Poincaré Casimirs, needed to build the intrinsic unit of lenght ρ (absent in a compact universe, liked by Einstein for avoiding boundary conditions and by Wheeler [38] to have a full implementation of Mach's ideas), which is an intrinsic candidate for a ultraviolet cutoff; v) to verify the positivity of energy; vi) to understand the nature of the ADM slices Σ τ selected by this canonical reduction (replacing the maximal slices of York's approach): for the pure gauge case (flat Minkowski spacetime solution) the slices are conformal to spacelike hyperplanes, which are deformed in presence of curvature (since the Σ τ 's are not compact, Yamabe theorem does not apply).
Further problems are how to deparametrize the theory [42] , so to reexpress it in the form of parametrized field theories on spacelike hypersurfaces in Minkowski spacetime. This is an extremely important point, because, if we add N scalar particles to tetrad gravity (whose reduction to Dirac's observables should define the N-body problem in general relativity), the deparametrization should be the bridge to the previously quoted theory on spacelike hypersurfaces in Minkowski spacetime [21] in the limit of zero curvature. A new formulation of the N-body problem would be relevant to try to understand the energy balance in the emission of gravitational waves from systems like binaries. If it will be possible to find the Dirac observables for the particles, on will understand how to extract from the field theory the covariantization of Newton potential (one expects one scalar and one vector potential [38] ) and a mayor problem will be how to face the expected singularities of the mass-self-energies.
Finally one should couple tetrad gravity to the electromagnetic field, to fermion fields and then to the standard model, trying to make to reduction to Dirac's observables in all these cases.
Only after the completion of the classical reduction program one will start with an attempt to quantize the nonlocal and nonpolynomial theories obtained in this way, whose Hamiltonians, however, are always quadratic in the momenta and which will have Wigner covariance when formulated in the covariant 1-time rest-frame instant form of dynamics and in what will be, if any, its extension to general relativity. In any case the center-of-mass variable of the isolated system, which breaks covariance, does not need to be quantized: like the wave function of the universe no one can observe it (it is on the classical side of the Copenhagen interpretation). Its noncovariance gives us an intrinsic classical unit of lenght to be used as a ultraviolet cutoff in quantization, and the resulting picture would be some kind of weak Mach principle: only relative motions are relavant and have to be quantized.
